INTRODUCTION
In many common 3D scanning methods used for imaging biological material, the scanning method itself may at each imaged section induce drift from the previous section causing a misalignment in the section direction. Other notable approaches include maximizing the mutual information 9 or normalized mutual information 10 .
With drift present in the images, it is important that the image sections are realigned before further study. This is done either manually by specifying drift parameters on the scanning device, or in post-processing either manually by hand or automatically using one of the above mentioned image registration methods. Due to the absence of any reliable ground truth drift on real data, we are here limited to a qualitative assessment of drift correction carried out on real data. As a consequence, we augment the assessment by further experiments on synthetically generated images with known added drift.
DRIFT ESTIMATION BY STANDARD IMAGE REGIS-

TRATION
Image registration is a means of mapping and transforming one image I wrt. some target image T . 
DRIFT ESTIMATION FROM VESICLE MODELS
The shell of the synaptic vesicle is constituted by a lipid bilayer. The lipid bilayer is commonly modeled physically as an elastic material with a bending energy density functional due to 12, 13 . This energy functional tells us that to a large degree, the fundamental strive for energy minimiza- 
METHODS Obtaining Ellipsoids from Boundary Points
Our first method relies on having obtained boundary points of the vesicles in some or all of the sections of which the vesicle is present. For the present study, we have manually marked these points using a python script. To fit ellipsoids to the point data, we numerically search for an ellipsoid minimizing the sum of squared perpendicular distance from each point to the ellipsoid. To accomplish this, we first initialize a random ellipsoid E(c, r, q), where 
where Γ is the set of boundary points and d is the perpendicular distance from the ellipsoid to each point p ∈ Γ.
The function d was here calculated using the Geometric Tools C++ Library 16 . Each set of vesicle points was fitted multiple times using random starting points as described above, keeping only the best fitting ellipsoid according to (1) . We call this the point-model.
Estimating Drift from Ellipsoid Parameters
Let x, y, z be the axes of an image with x, y the plane of each image section and z the axis in which the image sections are stacked. An ellipsoid centered at the origin can be described implicitly by the quadratic surface equation u T Hu = 1, where u = [x, y, z] T , and H is a 3 × 3 symmetric positive definite matrix. We shall name the parameters of H as
We will refer to these parameters as the parameters of the ellipsoid defined by H. We note here that the parameters E and F determine the shape of the ellipsoid as a function of y and z and of x and z resp. Setting E = F = 0 forces the ellipsoid to be symmetric across the plane z = 0. Thus, we can understand the value of E and F as the "tilt" of the ellipsoid as a function of z.
In general, we will assume the drift in the image can be represented as a sideways translation of each image section with respect to the previous section. Denoting δx, δy as the amount of translation of some section with respect to the previous and denoting ∆z as the distance between subsequent sections, we represent the translation as a shear map with shear coefficients s x = δx/∆z, s y = δy/∆z. If we first assume the drift is constant as a function of z, we can then represent the drift as one single mapping
We note that the shear mapping is a non-singular linear transformation. Since S −1 S is the identity transformation, the quadratic equation is still solved when and s y . We get
Let s = (s x , s y ) T represent the shear of some ellipsoid.
By assumption, each ellipsoid is rotated uniformly at random. Thus, it follows that given no drift in the data, we
should have E[s] = 0 since by an argument of symmetry, a tilt in any direction should be equally likely. Assume now we add some drift k giving rise to new shear parametersŝ.
Looking then at the expectation ofŝ. Since the composition of shear transformations simply amounts to adding the shear parameters, we get
Thus, given N fitted ellipsoids with s (i) the vector of shear constants for ellipsoid E i , 1 ≤ i ≤ N , we estimate the drift in the images k simply by the average drift,
Enumerating the image sections by I j , 1 ≤ j ≤ M such that I 1 , . . . , I N are ordered with increasing z choosing I 1 as the reference image, drift correction can be obtained by transforming I j by S −(j−1) .
Drift correction assuming varying drift
Since drift in images may vary, e.g., due to manual correction during the scanning operation, movement of the sample, or charge equalization, it is likely that the amount of drift varies across sections. Given a large enough population of ellipsoids, it is possible to give an estimate of the drift per image section.
Let E i denote the i'th fitted ellipsoid withŝ (i) its shear parameters, and let 1 Ei∈Ij be an indicator function where E i ∈ I j is true when E i is present in section I j . Assuming there's an ellipsoid present in every image section I j , we can define (k j ) M 1 , the sequence of drift parameters estimated per image section given by a discrete function estimate as
If there exist sections with no ellipsoids, we suggest either interpolating the drift parameters from nearby known values or assume the drift is zero, depending on the dataset. It's worth noting that there's an implicit smoothing present in the above local drift estimation since the ellipsoids are estimated across multiple sections. What we get in return is a more reliable estimate since we enforce the vesicle model on the estimate.
EXPERIMENTS
Because the ground truth drift in FIB-SEM images are unknown, we are from the onset very limited in how well the methods can be validated on such images. We thus look first at synthetic images with artificial known drift focusing both on our ability to estimate the added drift, as well as evaluating the effect parameters choices such as the number of vesicles and the magnitude of the drift. On real images we assess only the perceptual quality of the correction.
Synthetic Data
To generate synthetic images, we first initialize an image array of 350 3 voxels in size. We then randomly place vesicles by choosing a random point, generate random ellipsoid radii and rotation parameters to generate the corresponding algebraic matrix as in 2. We check the ellipsoid does not overlap with existing ellipsoids before drawing the boundary. An example image can be seen in 4. We notice the confidence of the drift estimate depends expectedly on the number of vesicles used in the estimate.
Real Data
We experiment first on Real FIB-SEM images from the CA1 hippocampus brain region of a healthy adult rodent (see 17 for further details on the dataset). We first manually create a points set of the vesicle cell membrane of a 900 individual vesicles in order to fit ellipsoids directly. We calculate fit the ellipsoid parameters and estimate the drift
based. An example area containing substantial drift, can be seen in Fig. 5 alongside the resulting corrected images.
DISCUSSION AND CONCLUSION
In this paper, we present a novel and highly accurate To mitigate the error of smoothing which happens because the ellipsoids are being estimated across multiple image sections, further improvements are possible by doing a more local estimate of the drift. However, in our experience, this causes significantly reduced accuracy.
Alternatively, it might be possible to formulate a registration approach that registers the entire image using only information from vesicle regions in isolation.
In our experience, these types of corrections are performed primarily by hand today. Given the sub-pixel magnitude of the drift found in FIB-SEM images, and
given that a small sub-pixel drift accumulates to a large discrepancy in distance measures across multiple sections.
We believe such manual correction carries significant errors with it. We, therefore, suggest further work should be carried out to assess the effect of the drift on biological images and that more methods are developed for estimating and correcting this drift.
